
Sensing and Control on the Sphere
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Abstract The advantages of a spherical imaging model are increasingly well rec-
ognized within the robotics community. Perhaps less well known is the use of the
sphere for attitude estimation, control and scene structure estimation. This paper
proposes the sphere as a unifying concept, not just for cameras, but for sensor fu-
sion, estimation and control. We review and summarize relevant work in these areas
and illustrate this with relevant simulation examples for spherical visual servoing
and scene structure estimation.

1 Introduction

In the last few years there has been growing interest in image processing opera-
tions performed on the sphere stemming from a number of important developments.
Firstly, a wide perceptual field is important for robotic path planning and colli-
sion avoidance and led researchers to adopt, or develop, wide-angle viewing sys-
tems [5, 31, 34]. Secondly, the mathematical techniques for spherical imaging have
matured, for example the unified imaging model [16], spherical scale-space [3] and
spherical SIFT [18]. Thirdly, as purely vision-based navigation becomes possible
the ambiguity between rotation and translation which is problematic in a perspective
camera image can be overcome by using wide angle imagery. Finally, there is a bio-
logical inspiration from small flying insects which use very wide angle eyes, some-
times combined with gyroscopic sensors to perform complex navigation tasks [6].

Pose estimation, including both position and attitude estimation, is a key re-
quirement for autonomous operation of robotic vehicles. For aerial and underwater
robots, attitude estimation is especially important. Micro-Electro-Mechanical Sys-
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Fig. 1 The coordinate system. P is a world point, mapped to p on the surface of the unit sphere
represented by the angles θ and φ .

tems (MEMS) technology has led to a range of low-cost and compact light-weight
inertial measurement units that can be used to provide reliable measurements of an-
gular velocity, direction of gravity and altitude. Sensors for magnetic field direction
are also available. Good quality, lightweight and low-cost fisheye or catadioptric
camera systems are available to provide additional information such as the orienta-
tion of vertical edges in the environment [28] or the plane of the horizon [6]. None
of these sensors estimate full attitude, in SO(3), directly and it turns out that the
attitude estimation problem is best tackled using sphere-based measurements.

Optical flow is an important low-level image cue that encodes both ego-motion
and scene structure. We discuss the spherical optical-flow equation and its advan-
tages for detecting key ego-motion parameters such as direction of motion. The op-
tical flow equations can be inverted to create an image-based visual servoing (IBVS)
system as well as a structure from motion estimator.

The next section, Section 2, derives the optical flow equation and image Jacobian
for the sphere, and then in Section 3 we briefly recall the unified imaging model that
can be used to create a spherical image from one or more cameras that could be
perspective, fisheye or catadioptric. Section 4 describes sensor fusion on the sphere
for the case of attitude and full-pose estimation. Section 5 inverts the optical flow
equation to effect control on the spherical image plane and Section 6 outlines the
advantages of the sphere for the structure from motion problem.

2 Spherical optical flow

As for the case of a perspective camera [21] we assume that the camera is moving
with translational velocity T = (tx, ty, tz) and angular velocity ω = (ωx, ωy, ωz)
in the camera frame. A world point, P, with camera relative coordinates cP =
(X , Y, Z)T has camera-relative velocity
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˙cP =− c
ωe× cP+ cTe (1)

which can be written in scalar form as

ẋ = zωy− yωz + tx (2)
ẏ = xωz− zωx + ty (3)
ż = yωx− xωy + tz (4)

The world point P is projected, Figure 1, to p on the surface of the unit sphere

x =
X
R

, y =
Y
R

, and z =
Z
R

(5)

where the focal point is at the center of the sphere and the radial distance to the point
is R =

√
X2 +Y 2 +Z2. The spherical surface constraint x2 + y2 + z2 = 1 means that

one of the Cartesian coordinates is redundant, and we will instead use a minimal
spherical coordinate system comprising the angle of colatitude

θ = sin−1 r, θ = [0, π) (6)

and the azimuth angle
φ = tan−1 y

x
, φ = [0, 2π) (7)

yielding the point feature vector f = (θ , φ). Other spherical image features are pos-
sible such as lines or moments [36].

Taking the derivatives of (6) and (7) with respect to time and substituting (2) –
(4) as well as

X = Z tanθ cosφ , Y = Z tanθ sinφ . (8)

we obtain, in matrix form, the polar optical flow equation[
θ̇

φ̇

]
= J(θ , φ , Z)

[
tx ty tz ωx ωy ωz

]T (9)

where

J(θ , φ , Z) =

 cos(φ)cos2(θ)
Z(t)

sin(φ)cos2(θ)
Z(t) − cos(θ)sin(θ)

Z(t)

... −sin(φ) cos(φ) 0

− sin(φ)cos(θ)
Z(t)sin(θ)

cos(φ)cos(θ)
Z(t)sin(θ) 0

... − cos(φ)cos(θ)
sin(θ) − sin(φ)cos(θ)

sin(θ) 1

 (10)

is the image feature Jacobian or optical flow equation in terms of the spherical point
feature f = (θ , φ).

There are important similarities to the Jacobian derived for projective cameras in
polar coordinates [8,22]. Firstly, the constant elements 0 and 1 fall at the same place,
indicating that colatitude is invariant to rotation about the optical axis, that azimuth
angle is invariant to optical axis translation, but equal to optical axis rotation. As for
all image Jacobians the translational sub-matrix (the first 3 columns) is a function
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Fig. 2 Spherical optical flow patterns for canonical motion along and about x-, y- and z-axes.

of point depth 1/Z. Note also that the Jacobian is not defined at the poles where
sinθ = 0.

The optical flow patterns on the sphere, for canonical motions, are shown in
Figure 2. We note the distinctly different flow patterns for each Cartesian velocity
component. A perspective camera with its optical axis aligned with the z-axis has a
field of view equivalent to a polar cap, and within that small region of the sphere we
can see that the flow due to tx and ωy are close to indistinguishable, as are ty and ωx.
This is a consequence of making a 2-DOF measurement (optical flow) of a 6-DOF
phenomena (spatial velocity) leading to a null-space of order 4; in this some motions
are linearly dependent (the indistinguishable flows) and some are unobservable (two
are null at the pole).

We can also partition the Jacobian [10] into a translational and rotational part

[
θ̇

φ̇

]
=

1
Z

Jt(θ , φ)

 tx
ty
tz

+Jω(θ , φ)

ωx
ωy
ωz

 (11)

which is important for both control and structure estimation. For points at infinity
the first term will be zero.

Optical flow on the sphere can be calculated using a range of approaches, either
on the sphere, or on the camera’s image plane and mapped to the sphere as discussed
in the next section.
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3 Mapping cameras to the sphere

Recent and growing interest in wide-angle viewing systems [5, 31, 34] has been
driven by application need for path planning and collision avoidance and also the
availability of new cameras. For instance high-quality glass fisheye lenses with just
over a hemispherical field of view have been used by researchers for several years
now, and lower-quality low-cost plastic fisheye lenses suitable for small aerial robots
have also been investigated [33]. Reasonable quality, lightweight and or catadioptric
camera systems are also available.

The unified model of Geyer and Daniilidis [16] provides a convenient framework
to consider very different types of cameras such as standard perspective, catadioptric
and many types of fisheye lens. The projection model is a two-step process and the
key concepts are shown in Figure 3. Firstly, the world point P is projected to the
surface of the unit sphere with a focal point at the center of the sphere. The center
of the sphere is a distance m from the image plane along its normal z-axis. Secondly
the point p is re-projected to the image plane m with a focal point at a distance l
along the z-axis, where l is a function of the imaging geometry.

Commonly used mirrors have a parabolic or hyperbolic cross-section, and for
these l = ε the eccentricity of the conic section: l = 1 for a parabola and 0 < ε < 1
for a hyperbola. This class of mirrors result in a central camera with a single effec-
tive viewpoint, that is, all rays in space intersect at a single point. Mirrors commonly
used in robotics, for example [12,34], have an equiangular model and the viewpoint
lies along a short locus (the caustic) within the mirror. In practice this difference
in focal point is very small compared to the world scale and such mirrors are well

image plane
m(u, v)

z

P(X ,Y, Z)

p(x, y, z)

m

l

Fig. 3 Unified imaging model of Geyer and Daniilidis [16].
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approximated by the central model. Subsequent work [39] showed that many fish-
eye cameras could also be included in this framework, generally with l > 1. For a
perspective camera l = 0 and the first and second projection rays overlap.

We can invert the unified model and project an image, features or optical flow
from a camera image plane (perspective, fisheye or catadioptric) to the sphere for
subsequent processing. In [18] catadioptric and fisheye images were projected to
the sphere for scale-space computation using a spherical equivalent of the Gaussian
kernel. In [33] sparse optical flow was projected to the sphere for focus of expansion
detection.

True spherical cameras are under development [25] but until they become a re-
ality we must be content with partial spherical views from a camera, or a mosaic
view from multiple cameras (such as the Point Grey Ladybug camera). The spher-
ical framework allows the mapping of multiple cameras with different orientations
and different fields of view and projection models to the sphere from their individual
image planes, and this is shown schematically in Figure 4 (left).

In practice the various images are not obtained from exactly the same viewpoint,
but from slightly offset viewpoints caused by the physical separation of the indi-
vidual cameras and this leads to parallax error as shown in Figure 4 (right). This
is problematic in areas of camera overlap and exacerbated when the inter-camera
distances are significant compared to the distance to the point. It can be resolved,
that is, the point projected to O if the range to P can be estimated which is a stereo
vision problem between the cameras centered at C1 and C2.

z2z3

z1

O

z2

z1

P

p2

p1

C1

C2

Fig. 4 (left) multiple camera views mapped to the sphere, (right) parallax on the sphere when
camera centers, C1 and C2 are not coincident with the center of the sphere O.
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4 Sensor fusion on the sphere

4.1 Attitude estimation

There is a considerable body of work on attitude reconstruction for robotics and
control applications (for example the review [13]). A standard approach is to use
extended stochastic linear estimation techniques [26]. An alternative is to use de-
terministic complementary filter and non-linear observer design techniques [1, 38].
[15]. The recent interest in small low-cost aerial robotic vehicles has lead to a re-
newed interest in lightweight embedded IMU systems [1, 23, 35]. For the low-cost
light-weight systems considered, linear filtering techniques have proved extremely
difficult to apply robustly [32] and linear single-input single-output complementary
filters are often used in practice [9]. The integration of inertial and visual informa-
tion is discussed in [11].

Gyroscopes provide an estimate of angular velocity, Ω , corrupted by an offset
which leads to drift in attitude after integration. We can constrain the estimate by
minimizing the error angle between a reference direction and its estimate on the
sphere in the body-fixed-frame. To fully constrain the solution at least two non-
collinear reference directions are required. Each of these directions and estimates
can be projected to the surface of the sphere as shown in Figure 5 as small circles.
One such reference direction can be obtained from the gravity field vector — the

Ω

z

y

x

B

G

Pi

p̂i

pi

b

b̂

g

ĝ

Fig. 5 Sensor integration on the sphere. The attitude of the body is indicated by the x-, y- and
z-axes. The predicted and measured sensor vector projections are shown by small circles. Visual
landmarks are also included.
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the magnitude is irrelevant only its direction on the sphere is required. If the body
is accelerating in the inertial frame this vector will be corrupted by inertial forces,
however, for steady or hovering flight of a UAV the accelerometers approximately
measure the gravitation field in the body-fixed-frame. Another reference direction
can be provided by the Earth’s magnetic field B at the location. Visual tracking of
very distant feature points (at infinity) provide additional reference directions.

The natural framework to interpret these measurement is on the sphere in the
body-fixed-frame of the mobile vehicle. Recent work in the development of non-
linear observers for attitude estimation provides an ideal framework for the con-
struction of robust and efficient attitude filters based on vector measurements on the
sphere [2, 4, 29, 30, 37].

More formally the attitude estimation problem can be expressed in terms of
sphere based measurements [29] using the matrix Lie-group representation of SO(3)
— the group of rotations associated with the attitude of a rigid-body. The attitude
kinematics is described by

Ṙ = R B
Ω×. (12)

where BΩ is the body-fixed-frame angular velocity of the rigid-body and [ ]× denotes
the skew-symmetric matrix. Consider measurements from n≥ 1 sensors in the body-
fixed frame ai ∈ S2

B i = 1,2, . . .n each of which has an associated reference directions
in the world frame a0i ∈ S2

W . These are expressed as vectors on the unit sphere in the
inertial frame. Let âi be the estimates of the sensor measurements in the body frame

âi = R̂>a0i (13)

based on the estimated attitude R̂.
The complementary observer proposed in [29] is

˙̂R = R̂(Ωy− b̂+ωmes)× (14)
˙̂b =−2kIωmes (15)

ωmes =
n

∑
i=1

ki(ai× âi) (16)

where Ωy is the measured body-fixed-frame angular velocity obtained from the gy-
roscopes, b̂ is the gyroscope bias, and ki ≥ 0. It is shown that the attitude estimate R̂
will approach the true attitude R asymptotically. For implementation we use quater-
nions and the following algorithm:

1. Determine ωmes from available sensor measurements according to (13) and (16)
2. Compute the quaternion velocity

˙̂q =
1
2

q̂⊗p
(
Ωy− b̂+ kPωmes

)
where p converts a vector to a pure quaternion and ⊗ represents quaternion
(Hamiltonian) multiplication.



Sensing and Control on the Sphere 9

3. Integrate and renormalize the quaternion

q̂k+1 = q̂k +δt ˙̂q
q̂k+1 = q̂k+1/||q̂k+1||

4. Update the gyroscope bias estimate

b̂k+1 = b̂k +δt
˙̂b

The gains ki(t) can be set adaptively depending on confidence in particular sen-
sors.

4.2 Pose estimation

Pose estimation, including both position and attitude estimation, is a key require-
ment for autonomous operation of robotic vehicles, especially aerial robots. Mod-
ern Global Positioning Systems (GPS) are have decreasing cost, weight, and energy
consumption while increasing quality and functionality. Carrier phase doppler shift
can be extracted from GPS signals to provide inertial frame velocity estimates of
a vehicle’s motion [19] and rotated into the body-fixed-frame based on an attitude
estimate.

In the absence of GPS, due to denial or a multi-pathing environment, we can
extract information about translational motion from the optical flow field. If op-
tical flow due to rotational motion is estimated and subtracted, a process known
as derotation, the remaining optical flow is due only to translation, corrupted with
noise from the optical flow process itself and errors in the rotational estimate. A
characteristic of the translational flow field is a focus of expansion on the sphere at
the point defined by the vector d where d = t/|t|. As discussed above the optical
flow encodes translational motion with a scale uncertainty, that is t/Z not t can be
identified. Expressed another way, the direction of motion is a unit vector through
the focus of expansion on the sphere. A corresponding focus of contraction will be
found at the antipodal point. Recent approaches to determining the focus of expan-
sion from optical flow are [27].

5 Control on the sphere

Visual servoing is the use of information from one or more cameras to guide a robot
so as to achieve a task [7, 21]. Image-Based visual servoing (IBVS) is a robust and
efficient technique where the task is defined in terms of the desired view of the tar-
get and a control law is synthesized to move the camera toward that view. The goal
is defined implicitly in the desired view. The pose of the target does not need to
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Fig. 6 IBVS on the sphere. (a) initial pose, (b) final pose, (c) feature motion on the θ -φ plane, (d)
pose evolution.

be known apriori, the robot moves toward the observed target wherever it might be
in the workspace. Image-based control can be considered as an inverse problem to
optical flow — given a current and desired view the required optical flow can be
computed, the problem is to determine the motion in SE(3) to achieve it. Most of
the visual servoing literature is concerned with perspective cameras and a Carte-
sian image plane. More recently polar coordinates have been used with perspective
cameras, and spherical cameras [17, 22].

For control purposes we follow the normal procedure of computing one 2× 6
Jacobian, (9), for each of N feature points and stacking them to form a 2N × 6
matrix
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θ̇1
φ̇1
...

θ̇N
φ̇N

=

 Jp1
...

JpN

v (17)

The control law is
v = J+ ḟ ∗ (18)

where ḟ ∗ is the desired velocity of the features. Typically we choose this to be
proportional to feature error

ḟ ∗ =−γ( f 	 f ∗) (19)

where γ is a positive gain, f is the current value of the feature vector, and f ∗ is
the desired value, which leads to linear motion of features within the feature space.
	 denotes modulo subtraction giving the smallest angular distance given that θ =
[0, π) and φ = [−π, π).

Figure 6 presents simulation results for spherical IBVS for the case of general
motion with translation and rotation in all axes. The target consists of four points
arranged in the plane, and the servo task is to move to a pose where the camera’s
z-axis is normal to the plane and 3m away. We can see that the velocity demand is
well behaved and that the features have followed direct paths in the feature space.
One feature has wrapped around in the azimuth direction.

If the attitude was servoed by a non-visual sensor such as gyroscope, accelerom-
eter or magnetometer then we could use a partitioned IBVS scheme [10] where we
would write (11) as

1
Z

Jt(θ , φ)

 tx
ty
tz

=
[

θ̇

φ̇

]
−Jω(θ , φ)

ωx
ωy
ωz

 (20)

and solve for translational velocity.
Classical visual servo control, as just described was principally developed for

serial-link robotic manipulators [21] where all camera degrees of freedom are actu-
ated. The dynamics of the system are easily compensated using a computed torque
(or high gain) control design and the visual servo control may be derived from a
first order model of the image dynamics [14]. Recent applications in high perfor-
mance systems and under-actuated dynamic systems have lead researchers to con-
sider full dynamic control design. Coupling of the camera ego-motion dynamics in
the image plane proves to be a significant obstacle in achieving this goal and [24]
proposed an asymptotically stable method for position regulation for fixed-camera
visual servoing for a dynamic system. A further complication is encountered when
an under-actuated dynamic system is used as the platform for the camera and [40]
used a Lagrangian representation of the system dynamics to obtain an IBVS control
for a blimp, an under-actuated, non-holonomic system.
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An IBVS controller for a class of under-actuated dynamic systems has been pro-
posed [17]that does not require accurate depth information for image features. Ex-
ploiting passivity they observe that

the only image geometry that preserves the passivity-like properties of the body fixed frame
dynamics of a rigid object in the image space are those of a spherical camera.

6 Structure and motion estimation on the sphere

In the IBVS example of the previous section the values of Z required to compute
the image Jacobian were taken from the simulation engine, but in a real system they
would not be known. Experience with IBVS shows that it is quite robust to errors in
point depth, Z, and typically the final depth value is assumed throughout the motion.

The point depth can also be estimated, by rewriting (11) in identification form asJt(θ , φ)

 tx
ty
tz

(1/Z) =
[

θ̇

φ̇

]
−Jω(θ , φ)

ωx
ωy
ωz

 (21)

or
Aθ = b (22)

where the camera motion (Tx, Ty, Tz, ωx, ωy, ωz) is known, since IBVS commands
it, and (θ̇ , φ̇) is the optical flow which is observed during the motion. This a spher-
ical structure from motion (SfM) system [20]. For the example of the previous sec-
tion, the results of this estimator are shown in Figure 7 for one of the four target
points. This is a very cheap estimator but we could also use a Kalman filter as is of-
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Fig. 7 Comparison of estimated and true point depth.
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ten used in structure from motion systems. Depth could be estimated for all tracked
points in the scene, not just those used for servoing.

This leads to our final use for the sphere, the scene structure can be conve-
niently considered in camera-centric form as a spherical depth map D : S2 → R.
This form makes it trivially easy to handle camera rotational motion, the depth map
rolls around the sphere. For translational motion of the camera points move over the
sphere according to the direction of translation and point depth. We believe that this
structure is amenable to a particle filter, operating on the sphere, which is able to
better model the non-Gaussian distribution of depth uncertainty.

7 Conclusions

In this paper we have presented the sphere as a unifying concept, not just for cam-
eras, but for sensor fusion, estimation and control. For robots that move in SE(3)
such as UAVs or AUVs the advantages of the sphere are particularly strong.

The unified imaging model is of Geyer and Daniilidas [16] is well known and
uses spherical projection to model catadioptric cameras with mirrors which are con-
ics. However the model is also an excellent approximation for other shaped mirrors
such as equiangular and can also model many fisheye lenses. This is convenient
for robotics where the advantages of wide-angle cameras include wide perceptual
field for path planning and collision avoidance and resolving the ambiguity between
rotation and translation which is problematic in a perspective cameras. The uni-
fied model also provides a framework for mosaic creation through projection from
camera image planes, and image processing operations such as scale-space feature
detectors can be formulated on the sphere. Camera ego-motion results in the appar-
ent motion of points, optical flow, in the spherical image. Points on the surface of a
sphere are commonly described by a unit 3-vector but this description is redundant
and we presented a formulation of the optical flow equation in terms of two angles:
colatitude and azimuth. spherical imaging model are increasingly well known.

The problem of attitude estimation is very naturally treated on the sphere us-
ing the matrix Lie-group representation of SO(3). An asymptotically stable estima-
tor that can incorporate multiple sensors such as gyroscopes, magnetometers, ac-
celerometers and visual landmarks is presented. Inverting the optical flow equation
leads to a spherical image-based visual servoing scheme which exhibits the desir-
able properties of the more well-known planar IBVS scheme such as robustness to
depth uncertainty, and like the polar-planar IBVS performs well for large rotational
motions. Adding a simple state estimator based on the inverted optical flow equation
leads to a structure from motion solution, and the consideration of a camera-centric
spherical depth map as a convenient world representation.
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